Abstract. We show that the only sporadic simple group such that some faithful representation of some of its stem extensions gives rise to exceptional (weakly-exceptional but not exceptional, respectively) quotient singularities is the Hall-Janko group (the Suzuki group, respectively).
Introduction
Finite subgroups in SL 2 (C) have been classified more than a hundred years ago. The quotients of C 2 by these groups are A-D-E singularities, which are also known by other names (Kleinian singularities, Du Val singularities, rational surface double points, two-dimensional canonical singularities etc). Shokurov suggested a higher dimensional generalization of the singularities of type E and of both types D and E. He called them exceptional and weakly-exceptional, respectively. The precise definitions of exceptional and weakly-exceptional singularities are quite technical (see [21, Definition 1.5] and [18, Definition 4 .1], respectively). Surprisingly, they are connected with a wide range of algebraic and geometric questions.
It turned out that exceptional and weakly-exceptional singularities are related to the Calabi problem for orbifolds with positive first Chern class (see [5] ). Example 1.1. Let (V ∋ O) be a germ of three-dimensional isolated quasihomogeneous hypersurface singularity that is given by φ x, y, z, t = 0 ⊂ C 4 ∼ = Spec C x, y, z, t , where φ(x, y, z, t) is a quasihomogeneous polynomial of degree d with respect to some weights wt(x) = a 0 , wt(y) = a 1 , wt(z) = a 2 , wt(t) = a 3 such that a 0 a 1 a 2 a 3 and gcd(a 0 , a 1 , a 2 , a 3 ) = 1. Let S be a weighted hypersurface in P(a 0 , a 1 , a 2 , a 3 ) of degree d that is given by the same equation φ(x, y, z, t) = 0. Suppose, in addition, that n i=0 a i > d, and S is well-formed (see [13, Definition 6.9] ). Then S is a Del Pezzo surface with at most quotient singularities. Moreover, if (V ∋ O) is either exceptional or weakly-exceptional, then S admits an orbifold Kahler-Einsten metric (this follows, for example, from [24] , [18 Many old and still open group-theoretic questions have algebro-geometric counterparts related to the exceptionality of quotient singularities (see, for example, [23] and [5, Conjecture 1.25] ). It seems that the study of exceptionality and weak-exceptionality of quotient singularities may shed new light on some group-theoretic problems. Example 1.2. Let G be a finite subgroup in GL n+1 (C) that does not contain reflections 1 , and let G ′ be a finite subgroup in GL n+1 (C) that does not contain reflections such that G ′ and G has the same image in PGL n+1 (C). Then it follows from [5, Theorem 3.15] and [5, Theorem 3.16] that the singularity C n+1 /G is exceptional (weakly-exceptional, respectively) if and only if the singularity C n+1 /G ′ is exceptional (weakly-exceptional, respectively). Moreover, it follows from [5, Theorem 1.30] and [5, Theorem 3.15] that the subgroup G ⊂ GL n+1 (C) is transitive (i. e. the corresponding (n + 1)-dimensional representation is irreducible) provided that the singularity C n+1 /G is weakly-exceptional. Similarly, it follows from [5, Theorem 1.29] that G must be primitive (see [2] or, for example, [5 2 of degree at most n + 1 (of degree at most n, respectively).
Starting from this point, we restrict ourselves to the case of quotient singularities. In low dimensions, the study of exceptional and weakly-exceptional quotient singularities is closely related to the classification of finite collineation groups (see [2] , [3] , [16] , [25] , [26] , [10] ). Using classical results of Blichfeldt, Brauer, and Lindsey, exceptional quotient singularities of dimensions 3, 4, 5 and 6 have been completely classified by Markushevich, Prokhorov, and the authors (see [17] , [5] , [6] ). Moreover, we used the classification obtained by Wales in [25] and [26] to prove that seven-dimensional exceptional quotient singularities do not exist (see [6] ). Sakovics classified weakly-exceptional quotient singularities of dimensions 3 and 4 (see [20] ). Higher-dimensional weakly-exceptional quotient singularities were studied in [8] . Unfortunately, we have no clear picture which finite subgroups in GL n+1 (C) give rise to exceptional or weaklyexceptional singularities for n ≫ 0.
A surprising fact observed in [6] is that among the (very few) groups corresponding to exceptional six-dimensional quotient singularities there appears a central extension 2.J 2 of the Hall-Janko sporadic simple group (see [15] ). Actually, this property is very rare for the projective representations of sporadic simple groups, so that essentially we have only one more example of this kind of behavior among them. It is related to the Suzuki sporadic simple group (see [22] ). In this paper we prove the following Theorem 1.3 (cf. [7, Theorem 14] ). Let G be a sporadic simple finite group, or its stem extension.
3 Let G ֒→ GL (U ) be a (faithful) finite dimensional complex representation of G. Then the singularity U/G is exceptional if and only if G ∼ = 2.J 2 , and U is a 6-dimensional irreducible representation of G. The singularity U/G is weakly-exceptional but not exceptional if and only if G ∼ = 6.Suz is the central extension of the Suzuki simple group by the cyclic group of order 6, and U is a 12-dimensional irreducible representation of G. Theorem 1.3 shows that the groups J 2 and Suz are somehow distinguished among the sporadic simple groups from the geometric point of view, and therefore motivates the following Question 1.4. Is there some group-theoretic property that distinguishes the groups J 2 and Suz among the sporadic simple groups?
As one can see from Appendix A, one of the characterizations of these groups comes from the fact that the groups 2.J 2 and 6.Suz have irreducible representations with no semi-invariants of low degrees. Note that this is a priori not equivalent to weak exceptionality of the corresponding quotient singularity, and the geometric characterization via weak exceptionality requires another series of coincidences. On the other hand, it would be interesting to know if there is some intrinsic characterization of the groups J 2 and Suz that goes beyond the observation concerning the semiinvariants -possibly not even involving representation theory at all. One of the goals of this paper as we see it is to attract attention of the experts in group theory to Question 1.4, and more generally to a more broad range of questions on the possible interplay between the properties of certain groups and geometrical properties of the corresponding quotient singularities.
4
To study exceptionality and weak-exceptionality of a singularity C n+1 /G for a finite subgroup G ⊂ GL n+1 (C), one can always assume that the group G does not contain reflections (cf. Example 1.2 and [6, Remark 1.16]). Keeping in mind Example 1.2, we see that to prove Theorem 1.3, we may restrict ourselves to the case of irreducible representations. Similarly, it follows from Example 1.2 that we may exclude from our search the groups that have semi-invariants of low degrees for the corresponding representations by a straightforward case by case study. The results of the corresponding computations are listed in Appendix A. They were obtained using the GAP software (see [11] ) and the classification of all finite simple groups (see [9] ) and communicated to us by A. Zavarnitsyn. As a result, we are left with just two candidates: the group 2.J 2 acting in U ∼ = C 6 , and the group 6.Suz acting in U ∼ = C 12 . The exceptionality of the quotient singularity corresponding to the first case was settled in [6] . Therefore, the only new result of geometric nature we obtain here is the following theorem that is proved in Section 2. Theorem 1.5. Let G ∼ = 6.Suz, and let U be a 12-dimensional irreducible representation of G. Then the singularity U/G is weakly-exceptional but not exceptional.
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Suzuki simple group
In this section we prove Theorem 1.5 using the method we first applied in [7] and the following Theorem 2.1 ([8, Theorem 1.12]). Let G be a finite group in GL n+1 (C) that does not contain reflections, and letḠ be the image of the group G in PGL n+1 (C). If C n+1 /G is not weaklyexceptional, then there is aḠ-invariant Fano type 5 projectively normal subvariety V ⊂ P n such that deg V n dim V , and for every i 1 and for every m 0, we have
where I V is the ideal sheaf of the subvariety V ⊂ P n . Let Π be a general linear subspace in and 0 r ′ i r i for all i. We use the abbreviation m i for 1 × m i . We will need the following properties of the G-representation U that can be verified by direct computations. We used the GAP software (see [11] ) to carry them out. Proof. One has n = 0 since U is an irreducible representation of the group G. On the other hand, if n = 10 then V is anḠ-invariant hypersurface such that deg(V ) 11, which contradicts Corollary 2.3. Recall that H V (m) is a Hilbert polynomial of the subvariety V , which is a polynomial in m of degree n with leading coefficient d/n!.
It follows from Theorem 2.1 that V has one more property that we need. Let Λ 1 , Λ 2 , . . . , Λ n be general hyperplanes in P 11 . Put Π j = Λ 1 ∩ . . . ∩ Λ j , V j = V ∩ Π j , and H j = V j ∩ H for every j ∈ {1, . . . , n}. Put V 0 = V , H 0 = H, Π 0 = P 11 . For every j ∈ {0, 1, . . . , n}, let I V j be the ideal sheaf of the subvariety V j ⊂ Π j . Then it follows from Theorem 2.1 that h i (O Π j (m) ⊗ I V j ) = 0 for every i 1 and m j.
Recall that Π j ∼ = P 11−j and put q i (V j ) = h 0 (O Π j (i) ⊗ I V j ) for every j ∈ {0, 1, . . . , n}.
Lemma 2.5. Suppose that i j + 1 and j ∈ {1, . . . , n}. Then
Proof. See the proof of [7, Lemma 27 ].
Recall that q 1 = 0 since the representation U is irreducible, and q i = 0 for 2 i 5 by Lemma 2.2. Therefore, we have Corollary 2.6. If n = 9, one has
Playing with the numbers q i (V j ), we obtain Lemma 2.7 (cf. [7, Lemma 35] ). One has 12
Proof. Recall that the variety V n−1 ⊂ Π n−1 ∼ = P 11−n+1 is a smooth curve of degree d, since V is normal. Recall also V n−1 is irreducible, since V is irreducible. Let g be the genus of the curve V n−1 . Then it follows from the adjunction formula that
On the other hand, we have
for every m n, because h 1 (O Π n−1 (m) ⊗ I V n−1 ) = 0 for every m n − 1. Since 2g − 2 < nd, the divisor nH n−1 is non-special. Therefore, it follows from the Riemann-Roch theorem that
which implies the required inequalities, since 2g − 2 < (n − 1)d and g 0.
Combining Lemma 2.7 and Corollary 2.6, we obtain Corollary 2.8. If n = 9, then max 0, 219 − 9d q 9 − 8q 8 + 28q 7 − 56q 6 < 220 − 5d.
As a by-product of Corollary 2.8, we get Corollary 2.9. If n = 9, then 1 d 43.
The above restrictions reduce the problem to a combinatorial question of finding all polynomials H V of degree n with a leading coefficient d/n!, such that h m = H V (m) ∈ Σ m for sufficiently many m 1, and such that the numbers h m , q m = h 0 (O P 11 (m)) − h m and d satisfy the conditions arising from Corollaries 2.8 and 2.9. This can be done in a straighforward way, although the number of cases to be considered is so large that it requires some checks to be done by a computer. Doing this, we get the following facts which we leave without proofs. This completes the proof of Theorem 1.5.
